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Inequality (1.1) reduces to the well-known Bieberbach conjecture when p -l. The conjecture was proven by Goodman and Robertson [3] for a function in S(p), in case all its coefficients are real and by Robertson [7] , in case di = a2= • • ■ =ap_2 = 0, the remaining coefficients being complex. The author [5] proved (1.1) for n = p + l for functions in 3C(p), no restrictions being made on the coefficients. In this paper, we will prove (1.1) for functions of the class X,(p) for the case <ïi = a2= • • ■ =aj,_2 = 0, the remaining coefficients being complex. The case p -2 of our proof gives (1.1) for the entire class 3C(2). Inequality (1.1) is known to be true for the class 3C(1) [ó].
2. Preliminary lemmas. The following lemma is stated in greater generality than needed. We will make use only of the special case 5 = 1. These inequalities are sharp for all n and for all s, equality being attained for each n and for each s by the function
Proof. Since any function P(z), regular in E and satisfying Re P(z) >0 and P(0) =c0 in E, is the limit of a sequence of functions of the form ( £x*|£*|) è Za*Za*I^I2= Zx*|¿M2.
Moreover, we have Lemma 2. For n^p+2
Proof. Denote the left side of (2.5) by An. Both sides of (2.5) are equal to (8/3)p(p + l)(p + 2) when n-p + 2. Assume the equality is true for a particular value of n^p + 2. Replacing n by n + l, the left side of (2.5) can be written in the form 2(p-l)(n + p+ l)\ (2.7)
Replacing An in (2.7) by the right side of (2.5), combining the third and fifth terms and simplifying, (2.7) can be written in the form
The last expression is the right side of equality (2.5) with n replaced by « + 1. This then completes the proof of equality (2.5) by induction.
Denote the left side of (2.6) by Bn. Both sides of (2.6) are equal to (p+2)(2p + l) whenn=p + 2. Assume (2.6) is true for some n^p + 2. Replacing « by « + 1, the left side of (2.6) can be written in the form
Replacing Bn by the right side of (2.6), (2.9) can be written in the
The last expression is the right side of (2.6) with n replaced by (w + 1). This then completes the proof of (2.6) by induction.
3. Coefficient bounds.
Theorem. Let
be a member of 5Z(p), then for n^p + l . .
and these inequalities are sharp in both the variables | a¡,_i| and \ap\.
Proof. Since the author [5] has already proven (3.1) for n=p+1, we will assume in what follows that n^p+2.
We may assume without loss of generality that F(z) is regular on \z\ =1. Then Dividing the last inequality by n, we obtain (3.1). Inequality (3.1) is known to be sharp [3] for the class of functions in S(p) whose power series have real coefficients, which is a subclass of SZ(p).
